I. INTRODUCTION
The spark-ignition internal-combustion engine is used in a wide range of applications including transportation, portable power, and stationary power generation in residential cogeneration systems. [1] [2] [3] In theory, the efficiency of the Otto cycle is determined by the compression ratio (CR) of the engine and the specific heat ratio of the working gas. In practice, performance is limited by heat losses, friction losses, throttling, and combustion losses. The effect of heat leaks and friction on the performance of heat engines has been studied. 4, 5 A successful attempt was made to determine optimal piston trajectory to limit losses from friction and heat leaks, which resulted in increasing the efficiency of the order of 10%. 6 Small scale engines, or those which produce power in the 1 to 1000 W range, in general have poorer performance than their large scale counterparts. 3, 7 Several hurdles arise as a result of scaling down, such as higher friction losses, increased surface area to volume ratio, and decreased manufacturing tolerances. There has been considerable interest in the past decade in developing even smaller engines, microscale engines, for a variety of applications. [8] [9] [10] [11] These issues plaguing small scale engines are exacerbated at micro length scales and, as such, to date, a successful engine has not been realized. In macro scale reciprocating engines friction losses, although not insignificant, are on the order of 10% of the input energy. Friction losses depend on the contact area, engine speed, and the lubricant viscosity. 12 As the scale of the engine is reduced, friction losses can become dominant due to increased surface area to volume ratio and higher speeds. In addition, losses due to blow-by can be significant in small scale engines. Suzuki et al. have shown that in their MEMS IC engine 18% of the total chamber mass is discharged from the engine as crevice flow leakage resulting in significant power loss. 13 In this study, we consider an alternative design to mitigate these effects. A variation on the basic design of a reciprocating engine is studied; the piston in cylinder arrangement is replaced by a sealed elastic cavity with a mass or piston at one end. An idealized schematic of this is shown in Fig. 1 . In practice, as in actual engines, fuel-air mixtures and combustion products would enter and exit through valves or ports. However, in this work, as a first step, we will analyze the engine using an air-standard cycle approach. In this engine, volume change occurs through deformation of the sealed elastic cavity due to periodic heat addition and rejection. There are several advantages to this design. Friction losses are reduced substantially due to the elimination of the sliding seal and crankshaft assembly. The compression ratio is not fixed by engine geometry but is variable and may be changed by operating conditions. Hydrocarbon emissions are reduced since the need for lubricant is removed and crevice volumes are, if not eliminated, substantially reduced. Blow-by does not occur since the cavity is sealed. Finally, the geometric complexity of the chamber is reduced significantly, which leads to a reduction in cost.
This concept shares some features with free piston engines; such as a variable compression ratio, which allows for fuel flexibility.
14 However, unlike a single piston freepiston engine 15 which uses a rebound device to store energy, the sealed elastic cavity itself performs the task of a rebound device thus enabling a reduction in engine size. Recently, there has been renewed interest in free piston engines coupled with linear alternators as candidates for the power pack in hybrid electric vehicles. [16] [17] [18] The history and application of free-piston engines were recently reviewed by Mikalsen and Roskilly. 15 In these engines, a free piston (or pistons) shuttles back and forth in a chamber. Electrical power may be produced when a magnet is coupled to the piston, and a coil is placed around the chamber. The focus in the present work is on small scale engines.
A MEMS-based resonant micro heat engine was operated at resonance and off-resonance and demonstrated resonance operation as beneficial. 19 An opposed piston arrangement in which the pistons are coupled by a linear spring has been proposed for MEMS power applications in the range of 50 mW. 13, 20 The engine, which is realized in a)
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A free piston 2-stroke engine in which a spring is used to store energy has been designed to address portable power needs in the 100 to 500 W range. 11, 13, 20 The spring is arranged in a linearly oscillating configuration with an alternator. The engine has a variable compression ratio and operates with homogeneous charge compression ignition. A prototype of this engine has produced power on the order of 100 W with a thermal efficiency of 16%.
In this paper, we perform an air-standard analysis of a sealed elastic cavity engine that deforms elastically to allow compression and expansion without the necessity of a sliding seal. Like analyses of free-piston engines, 11, 13, 17, 21 and Stirling engines, [22] [23] [24] the analysis leads to a nonlinear lumpedparameter model based upon Newton's law for the dynamics of the piston, a thermodynamic model for the cycle of the working fluid, and a model for friction. The analysis also provides for the possibility of an external spring. In a previous investigation, an analysis of a linearized lumped parameter model, valid for small compression ratios, gave an approximation for the natural frequency for an engine, and showed it was beneficial to operate at resonance. 25 At resonance, heat addition and rejection would occur when the piston velocity was zero. In the present paper, we describe operation with higher heat inputs and feasible compression ratios, where the predictions of a linearized model are invalid. Unlike other approaches, which approximate nonlinearity using an equivalent stiffness, 21 the present analysis makes no approximation. Resonant operation is achieved by controlling the timing of heat addition and heat rejection.
II. THEORY
A schematic diagram of a resonant air-standard engine is shown in Fig. 1 . The working fluid of the engine is considered to be a sealed volume V o of air. The heat transfer to and from the engine normally associated with combustion and exhaust is modeled by the heat-rate q(t) in and out of the sealed elastic cavity of volume V o at the left end. The pressure inside the sealed elastic cavity oscillates about standard atmospheric pressure P o . The material enclosing the air, the chamber, is deformable, indicated by the bellows corrugations. Realization of an actual engine design based on this model will require materials that can sustain the pressures, temperatures, and elastic deformations that are encountered in practical applications. Candidate designs include bellows and other super compliant structures fabricated from metals and composites.
The deformable corrugations of total stiffness s allow horizontal displacement x(t) of the right end of the volume, modeled to have a lump-parameter inertia m. When the displacement of the mass m is zero, the volume V o is V o ¼ LS, where L is the nominal length and S is the cross-sectional area. The movement of the mass m is impeded by the dampers b f and b. These dissipative elements model energy loss to friction and converted to useful work respectively. As the heat-rate q(t) varies cyclically, at steady state, the air temperature T o þDT(t), pressure P o þDP(t), density q o þDq(t), and engine volume V o þDV(t) undergo cyclic variation, where the ambient and time-varying cyclic components are denoted with the "o" subscript and D, respectively.
A mathematical model of the air-standard heat engine shown in Fig. 1 is derived by applying conservation of mass, conservation of energy, an ideal gas model to a moving control volume containing the air as working fluid, and Newton's second law for the mass m. Mathematical statements of these principles are
where M ¼ q o V o is the mass of air in the engine chamber at any one time, c v is the constant volume heat capacity of air, h is a coefficient that models conduction/convection heat losses from the enclosed air volume to the outside environment, and R is the mass-specific gas constant of air. Assuming that the heat capacity is not temperature dependent, the conservation of energy Eq. (2) can be simplified with use of mass conservation Eq. (1) to result in
If the heat-rate q(t) and initial conditions DT(0), DP(0), Dq(0), and DV(0) are specified, Eqs. (1) and (3)- (5) constitutes a nonlinear model for the determination of the dependent variables DT(t), DP(t), Dq(t), and DV(t).
In the present work, the imposed heat-rate q(t) is periodic, and it is assumed that the dependent variables DT(t), DP(t), Dq(t), and DV(t) will also be periodic at steady state. The heat-rate q(t) takes the following form shown diagrammatically in Fig. 2 :
The heat-rate waveform q(t) consists of impulsive heating and cooling. The heating and cooling pulses are of duration t q . The heating pulse at a constant rate of q H is applied at the end of the compression stroke at t ¼ 0. At the time t ¼ t 1 , a cooling pulse at a constant rate q H -q o is then applied. At the time t ¼ t 1 þ t 2 ¼ t p , the cycle is repeated, so that t p is the period of the cyclic heat-rate. This specification for the heat-rate q(t) allows for asymmetry in the cycle, in that the times t 1 and t 2 , and the magnitude of the heating and cooling pulses, are not necessarily equal.
For the subsequent analysis, a nondimensional scaling was adopted. The following scales were applied to the independent and dependent variables:
where
is a reference frequency associated with the Helmholtz stiffness s h ¼ q o c 2 S 2 /V o of the air within the engine and the overbar indicates a nondimensional independent or dependent variable. After application of these scales, the nonlinear models (1) and (3)- (5) become
For analysis, the set [Eqs. (8)- (11)] can be simplified by eliminating the density Dq and pressure DP. After performing this step and placing into state space format, the system model [Eqs. (8)- (11)] becomes
where the state variables are DV , D _ V , and DT. To characterize the pressure-volume behavior of the engine, the model [Eqs. (8)- (11)] was integrated numerically. It was assumed that the duration of the heating and cooling pulses t q !0 while lim t q !0 q H t q ¼ E, where E is the finite energy supplied to the engine per cycle during the heating pulse. In this circumstance, the pressure-volume behavior of the engine at steady state takes the form shown in Fig. 3 . Thermodynamic states 1-2-3-4 on the diagram correspond to the end of impulsive cooling and beginning of the compression stroke, end of the compression stroke and beginning of the impulsive heating, end of impulsive heating and beginning of expansion stroke, and the end of the expansion stroke, respectively. The sealed elastic cavity volume and the temperature inside it before and after the heat addition or heat rejection can be computed from Eqs. (14) and (15) and are given by
As it was assumed that the impulsive heating and cooling pulses occur at zero piston velocity,
The assumption that the piston velocity is zero when the impulsive heating and cooling are applied is a condition of resonance at steady state. The resulting volumes and temperatures DV 4 ; DT 4 and DV 2 ; DT 2 from expansion and compression processes 3-4 and 1-2 were computed by numerically integrating [Eqs. (13)- (15)] from the initial con- (13)- (15)] can only reach steady state when the proper cooling pulse magnitude q o /q H and initial conditions DV 2 and DT 2 are chosen for cycle integration. Improper choice of q o /q H and initial conditions DV 2 and DT 2 would lead to monotonically drifting state variables DV and DT precluding periodic behavior. To determine the steadystate behavior of a resonant engine, q H was specified, the ratio q o /q H was chosen, and integration was started from the quies-
An example integration illustrating the first cycle in a transient dwell-up from this initial state is shown in Fig. 4 . First, temperature and volume were computed for the thermodynamic cycle 1-2-3-4-1 as explained below, and later Eqs. (8) and (10) were used to calculate corresponding pressure. To determine DV 3 and DT 3 , Eqs. (16) and (18) were used. The volume DV 4 and temperature DT 4 were obtained by integrating the set [Eqs. (13)- (15)] from the initial conditions DV 3 ;
Note that the time t 1 is not known "a priori," and is determined during the integration. Then, the volume DV 1 and temperature DT 1 were determined from Eqs. (17) and (19) . Finally, a volume DV 2 0 and temperature DT 2 0 were obtained by integrating the set [Eqs. (13)- (15)] from the initial conditions
Like the time of expansion t 1 , the time of compression t 2 is not known "a priori," and is determined by the conditional integration. Since the system undergoes a transient phase, the cycle is not closed and DV 2 6 ¼ DV 2 0 and DT 2 6 ¼ DT 2 0 . However, if the process is repeated and the proper ratio q o /q H is chosen, the cycle eventually reaches steady state, the cycle closes, and DV 2 ¼ DV 2 0 and DT 2 ¼ DT 2 0 . The integration stops when the equality has been satisfied to a specified tolerance. In practice, a functionminimization computational procedure was used, which determined the proper choice of DV 2 , DT 2 and q o /q H for a specified q H that would result in a steady-state periodic cycle.
Insight into the dynamic behavior of the resonant engine can be acquired by analyzing a linearized version of the model [Eqs. (13)- (15)]. In the circumstance that the heat input q H t q per cycle is small, volume DV and temperature DT excursions will be small. If, in addition, parasitic heat losses are neglected by setting H ¼ 0, it is shown in the Appendix that the model [Eqs. (13)- (15)] can be approximated by
In the Appendix, it is shown that the natural period for resonant operation is t p ¼ 2p=x d , where
The heat is added at t ¼0, heat is rejected at t ¼ t p =2, and that the efficiency of the cycle at resonance is given by
Thus, high heat-rate W, low external stiffness K, and low damping f are beneficial. However, it should be noted that operation in the linear regime precludes high compression ratios, so that these trends are shown to be modified when the pressure-volume behavior of a resonant engine modeled by [Eqs. (13)- (15)] at practical compression ratios is explored in the results and discussion section.
III. RESULTS AND DISCUSSION
The flexing air-standard heat engine, shown schematically in Fig. 1, with (8)- (11)] is used to predict the performance and the engine behavior.
A. Thermodynamic cycle
A relationship between the sealed cavity pressure and volume is shown in Fig. 5 . It is obtained using the non-linear model [Eqs. (8)- (11)] at steady state operation by impulsively supplying a nondimensional heat of W ¼ 18.2 at the end of the compression stroke to the reference engine. The ratio q o q H ¼ 0.5848 is required for steady state operation of the non-linear model for W ¼ 18.2. The figure shows that the pressure inside the sealed elastic cavity at the end of heat addition process rises to $1.97 MPa. Following the heat addition process 2-3, the engine expands isentropically 3-4 to about nine times of its minimum volume, which is 7.077 cc. Next, the heat rejection process 4-1 takes place instantaneously by interacting with the surroundings. Finally, the engine undergoes isentropic compression 1-2 to the minimum volume (clearance volume) V 2 ¼ 0.785 cc resulting in a closed thermodynamic cycle 1-2-3-4-1. It is observed that the clearance volume of the engine corresponds to the quiescent volume V o . The nondimensional terms for this reference engine at W ¼ 18.2 were C ¼ 2.5, H ¼ 0, U ¼ 227.53, K ¼ 0.0022, and f ¼ 0.3838.
The value of W ¼ 18.2 corresponds to the heat added (3.6 J) for fuel rich combustion (U % 1.3) of octane in the volume V o ¼ 0.785 cc. To determine the work done per cycle for W ¼ 18.2, a numerical integration of the pressure-volume diagram (Fig. 5) for one thermodynamic cycle was performed and found to be 2.106 J. In addition, the compression ratio and engine thermal efficiency for this condition were calculated and found to be 9.01 and 58.5%, respectively. Thus calculated thermal efficiency agrees with the Otto cycle efficiency for same given compression ratio of 9.01.
B. Effects of heat input and loading
The effects of heat input and loading on the engine performance were predicted using the model. Friction losses are reduced substantially in this design, so frictional damping b f is zero, and the load b represents the useful work. Predictions of efficiency and compression ratio using both the non-linear and linearized models are discussed in Sec. III B 1.
Efficiency and compression ratio
The effects of loading and heat input on efficiency and CR are presented in Fig. 6 . Two loading conditions are shown b ¼ 0.7 and 4.9 N-s/m. It can be observed that when the load applied is lowered from 4.9 N-s/m (f ¼ 0.3838) to 0.7 N-s/m (f ¼ 0.0548), the efficiency rises from 58.5% to 74.6%, for W ¼ 18.2. This indicates that it is desirable to design an engine with as small damping f as possible to operate efficiently. 25 However, in practice, the minimum damping is limited by the physically achievable compression ratios.
For small heat inputs W, the nonlinear model shows behavior, which agrees with the linear models (A12) and (A10). But as heat input W increases, the nonlinear behavior starts to become apparent. For higher heat inputs, the linear model over-predicts the efficiency, which can be seen in the figure.
On the secondary axis of the figure, corresponding compression ratios for the two cases of 0.7 N-s/m and 4.9 N-s/m are plotted. For a given W, the compression ratio drops as applied load increases. This is attributed to a decrease in the amplitude of oscillation, which occurs with an increase in load. For a given load, increasing the heat input W results in higher cavity pressure and thus an increase in the amplitude of oscillation yielding increased compression ratios. The compression ratio of a conventional internal combustion engine is constrained by the crank radius; 26 however, the compression ratio of this engine varies and depends on operating conditions like W (or U) and b, which is an interesting feature of this design. The compression ratios obtained from the model are CR ¼ 8 to 15 (for W ¼ 18.2) and are practical for internal combustion engines.
The efficiencies and compression ratios for various loads with a fixed heat input of W ¼ 18.2 are calculated and listed in Table I .
Thermodynamic states
In order to explore the effects of loading on the thermodynamic states of the cycle, a pressure-volume diagram for three different loads is shown in Fig. 7 . A log-log scale is chosen for presenting the thermodynamic cycle in a compact form. The plot with the solid line (for b ¼ 4.9 N-s/m) when drawn on linear scale resembles the plot in Fig. 5 . As the applied load on the engine is increased, the swept volume decreases, as pointed out above. For instance, the swept volume for b ¼ 4.9 N-s/m is 6.28 cc while for b ¼ 0.7 N-s/m, it is 23.39 cc. The figure shows that the peak pressure increases with a decrease in the load for same heat input. However, the rise in pressure due to heat input for all the three loading conditions is about 1.84 MPa, which is as expected, since the heat input is held constant among the three loadings.
Frequency of piston oscillation
The frequency of engine operation depends on both the loading and the heat input. This means that the nonlinearity caused by the thermo-physics of the working fluid is softening in nature unlike other engines, which contain an external hardening spring. 24 The natural frequency of a harmonically forced Duffing oscillator is known to increase or decrease depending on whether a hardening or softening spring is present. 27 However, we acknowledge that the model [Eqs. (8)- (11)] is 3rd order, and the engine is impulsively forced.
Calculations performed for load variations from 0.7 N-s/m to 7 N-s/m with fixed W ¼ 18.2, showed that the frequency of oscillations initially increased from 8.29 Hz to 10.12 Hz, and then dropped to 4.86 Hz. The results are given in Table I . This behavior suggests that there is a particular load for optimal output power. A literature review on cycle frequencies in existing freepiston engines showed frequencies ranging from 8.5 Hz (Ref. 28 ) to 115 Hz. 11 Our proposed engine fits within the range of these frequencies. The engine cycle frequency could be tuned by varying the mass and or stiffness of the flexible sealed cavity. The engine cycle frequency can also be controlled by stopping the piston movement at bottom dead center (BDC) as implemented in the CHIRON Free Piston Engine. 29 Exploiting this idea, it is possible to stop the piston at top dead center (TDC) to increase the dwell time, in the case of inadequate dwell time at TDC.
In the ideal case, given a mechanically resistive load, the engine would be self-regulating if the control system was capable of sensing piston motion and providing heat addition and rejection instantaneously when the piston reached zero velocity at TDC and BDC. In resonant operation, piston excursion would adjust to the load. Changes in load would necessitate adjustment of the heat addition (fuel rate). In addition, maximum piston excursion needs to be limited to prevent damage. Some of these issues have been encountered with engines containing a free piston sliding in a cylinder. [28] [29] [30] For example, in Mikalsen and Roskilly, 30 it was desired to control engine speed, and the positions of TDC and BDC. The fuel rate and bounce chamber pressure were adjusted to achieve this control, and load appeared as a disturbance. For the engine described in this paper, it would only be necessary to limit the positions of TDC and BDC to a maximum level.
Time for compression and expansion stroke
As mentioned in the theory section, the specification for the heat-rate q(t) allows for asymmetry in the time of expansion and compression. A plot of instantaneous piston speed against time for one cycle, for various loading conditions is shown in Fig. 9 . From the figure for b ¼ 0.7 N-s/m, upon heat addition at t ¼ 0 s, the piston accelerates. A maximum speed of about 10.66 m/s is reached before the piston comes to rest at the end of expansion stroke, which occurs at t ¼ 0.052 s. After the end of heat rejection process, the piston accelerates towards the top dead center and finally reaches zero velocity.
This particular process takes approximately 0.0686 s, which is longer than the expansion time. It is noteworthy to mention that the time of expansion and compression become equal for small heat inputs. 25 
C. Maximizing output power and power density
Output power from the engine for the above presented cases is computed assuming that the only dissipation mechanism present is the energy conversion damping b (also called loading). From Fig. 10 , it is clear that the output power steadily rises with an increase in amount of fuel added per cycle. In addition, the output power depends on the loading for a given heat input. The heat input was held constant at W ¼ 18.2, and the load was varied to find the maximum output power. The results, presented in Table II, In Fig. 11 , both the power density and output power are plotted versus applied load. The maximum output power occurs at 1.75 N-s/m while the maximum power density occurs at 4.90 N-s/m.
IV. CONCLUSIONS
The performance of a resonant heat engine in which the piston in cylinder arrangement is replaced by a sealed elastic cavity has been investigated. A mathematical model of the airstandard heat engine was derived by applying conservation of mass, conservation of energy, an ideal gas model to a moving control volume containing the air as working fluid, and Newton's second law for the piston or mass. The model was used to predict the pressure-volume diagram of the engine cycle. The thermal efficiency predicted by the model agrees with that predicted from the relation for the Otto cycle based on compression ratio. The performance of an engine for a variation of the heat input and applied load was also investigated. For a fixed load, increasing the heat input results in higher cavity pressure resulting in increased oscillation amplitude, which yields increased compression ratio and thus increased efficiency. At steady state, it was found that the natural frequency of the engine decreased as the heat input and compression ratio increased, indicating that the nonlinearity caused by the thermo-physics of the working fluid was softening in nature, unlike engines containing an external hardening spring. For higher heat inputs the times of compression and expansion were found to be unequal in resonant operation. The results show that the output power and power density depend on the loading for a given heat input, and that the loading condition for maximum power output is different from that required for maximum power density. For the loads b ¼ 1.75 and 4.9 N-s/m, the output power is 24 W and 19.57 W, respectively, which fits in the small scale engine domain. Such loading conditions offer power density in kW/liter scale.
APPENDIX: ANALYSIS OF LINEARIZED MODEL
To obtain a fundamental understanding of the operation of a resonant air-standard heat engine, a linearized approximation of the model [Eqs. (8)- (11)] is derived and analyzed.
Assuming that the input heat-rate q H and resulting departures "D" from ambient are small, the model [Eqs. (8)- (11)] is approximated by
where c ¼ c p /c v is the specific heat ratio of the working air medium. If the parasitic heat loss is neglected, then H ¼ 0 and (A1) may be integrated to obtain
where the quantity E is E ¼ Ð t 0 qdt is the accumulated nondimensional energy added to the engine. To the level of approximation of the linearized model, the accumulated added energy EðtÞ is
where k ¼ 1,2,…, is the temporal cycle index. This approximation of accumulated energy EðtÞ is valid because periodic operation as specified by Eq. (9) 
The linearized model (A5) is now used to determine the steady-state behavior for small heat loads and volume excursions. After adding a k subscript to denote the temporal cycle, the state variables at thermodynamic state 4 in the cycle can be computed from the initial conditions and the system models (A4) and (A5) at thermodynamic state 2 as 
, and s is the nondimensional time elapsed from thermodynamic state 2. Similarly, the state variables at thermodynamic state 2 at the beginning of the (kþ1)th cycle can be computed from the initial conditions at thermodynamic state 4 from the kth cycle as
where now s is the nondimensional time elapsed from the thermodynamic state 4 of the kth cycle. Given that an arbitrary elapsed time s is equal for expansion process 3-4 is equal to the time for compression process 1-2, the volume excursion DV 4;k À DV 2;k and velocities D _ V 4;k À _ V 2;k at steady state, i.e., k!1, may be obtained by equating f DV 2;kþ1 D _ V 2;kþ1 g T ¼ f DV 2;k D _ V 2;k g T in Eqs. (A6) and (A8) to obtain
From Eqs. (A6)-(A8), it can be deduced that for resonant operation zero volume velocity at thermodynamic state 2-3 and 4-1 (i.e., that the matrix [/] is diagonal), the nondimensional elapsed time must be s ¼ 
High volume excursions are associated with high heat load W, and low external stiffness K and damping f.
The volume excursion may then be used to compute an approximation for the efficiency of the engine. The instantaneous work P i being performed by the air volume is
The efficiency g is computed by integrating the instantaneous power during the expansion process 3-4 and compression process 1-2 and dividing by the heat added. After performing this calculation, an expression for the efficiency g is obtained as g ¼ ðc À 1ÞðDV 4;k À DV 2;k Þ ¼ ðc À 1Þ c
